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SUMMARY 



A series of charts is given showing the variation^ of 
the velocity gained and the altitude lost in dive pull- 
outs with the initial indicated air speed and the dive an- 
gle. The 'effects of the maximum load factor, the drag 
parameter K, the initial attitude, and the type of" re-' 
covery on the velocity gained and the altitude lost are 
also considered. 



The results were obtained from a step-by-step solution 
of the equations of motion in' which mean values of the air 
density and the airplane drag coefficient were used, She 
load-factor variation wi-th tine is arbitrarily "specif ied 
in various ways to simulate pull-out procedures, s_0Ee_ of 
which night'be encountered in flight. . 



INTRODUCTION 



The determination of the velocity-altitude relations 
of an airplane recovering from a dive has been the sub- 
ject of a number of investigations. Host of " those invos-^ 
tigations have been analytical in nature and have consist- 
ed of presentations of methods and approximations for - 
solving the equations of notion. As tho methods have bo- " 
come moro exact, the equations have bocomo longer and more" 
involved until finally the step-by-step solution is ap- 
proached. Even in the more lengthy and exact" methods ft is 
still necessary to make assumptions regarding T>h_e^ time var- 
iation of some of the quantities involved. in none of the 
analytical investigations, however, have results been pre- 
sented in such a form, that items of immediate practical" 
interest, such as the maximum velocity gained and the al- 
titude lost in dive pull-outs, can be readily determined 
for different airplane types. 
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Tho nattor of speed' gained in the. recovery from a 
nose-down attitude has recently become of sone importance 
owing to the fact that the specified Uniting diving 
speeds f-or the large "low-load-factor airplane are only a 
relatively snail anount above the top speed. Thus for 
this class of airplane, if a steep nose-down attitude re- 
sults fron an emergency operation, the question arises as 
to whether or not a. recovery could he nade within the Un- 
its of wing strength without exceeding the specified lim- 
iting speed. . 

In ordor to answer this question, several examples 
aro givon, in which the values were obtained fron a step- 
by-step solution of tho basic equations of notion, Those 
equations aro then slightly sinplified and a series of 
general charts is -presented that gives a cILoso approxina- 
tion of irho altitude lost and the velocity gained during 
various typos of dive recovory_for different valuos of tho 



drag paranotor K (that is, 




EQUATIONS OF HOT I Oil 



On tho assumption that tho pitching inertia is zero, 
one of the three equations of notion is elininated while 
only a slight error is introduced. This reduced systen of 
equations is 

» slaY " <S 0 + V » T ° S = iS ■ (2) 

where 

W airplane weight 

V flight-path angle fron horizontal plane 
0 L lift coefficient 

paxasite-drag coefficient rr \ 

C D induced-drag coefficient 
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p mass density of air 

V air speed 

S wing area 

g acceleration due to gravity - 

t time 

E instantaneous flight-path radius _ . 

If the mass density of the air p is assumed to ha'v e 
some mean value p" throughout the maneuver and if tho_ 
parasite-drag coefficient and tho induced-drag coofficiont 
are combined into a total or resultant drag coefficient, 
the value of which may bo found from a lift and drag polar 
of tho airplane as it is being flown, a simplification of 
equations (l) and (2) becomes ■ 



v 2 

cos V - n(t) g = ~- - (-3) 



- . » . c d P y3 g dV ' . ,,v 

s sin r 2"¥/s~ = It (4) 

whore n(t) is tho load-f act or__variati on with': time, 

P 



n = 



V/S' - - 

and C D .is the resultant drag coefficient. 

Before equations .(3) and (4) can be solved, it is nec 
essary to specify, or to know "in advance, the time varia- 
tion of the load factor in 'the recovery. Although the ex- 
act manner of the load-factor variation is unpredictable, 
since it depends upon the pilot's reactions to circum- 
stances or accelerations, the .maximum value of the load 
.factor is fairly well defined because it is governed by 
the limitations either of the pilot ,or .of the airplane 
structure . ' 



For tho purpose of illustration, threfe' types of load- 
factor variation n(t) aro considered. (See fig, 1.) 
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Type 1 remains constant— with time; this typo is a practical 
impossibility but represents a definite Unit that gives 
minimum velocity gained and minir.ra.ri altitude lost. Typo 2 
varios with time in the manner shown by the dashed lino of 
figuro 1 and is in qualitative agrcoment with the normal 
pull-out procedure in which the load factor is reduced af~ 
tor a maximum value is reached. Typo 3 varios with timo 
in the sane manner as typo 2 until the maximum load factor 
is obtained, after which it remains constant. Type 3 rep- 
resents a variation of the load factor that night occur 
whon tho dangor of striking tho ground or oxecoding tho 
limiting diving velocity of- tho airplane is imminent. 

In order to show some quantitative results, a stop-by- 
step solution of equations (3) and (4) has been made by 
the use of the supplementary relation 

EdY = Tdt - (5) 

for several dive recoveries (see table I) of an airplane 
with the lift-drag polar shown_in figuro 2. In all thoso 
cases an average air density P equal to 0.0020 slug por 
cubic foot, corresponding to an average altitude of 5800 
feet, was used. Table I shows for each recovery the type 
of load— factor variation, the initial air speed and alti- 
tude, the maximum load factor imposed on the airplane, the 
maximum velocity gained, and the altitude lost during the 
maneuver. 

In the use of equations (3) and (4) it is necessary 
to have either the actual airplane polar (as in fig. 2) 
or to construct a polar in which the induced drag is prop- 
erly taken into account. Thus, aspect ratio night be con- 
sidered as an additional variable. Experience gained in 
solving a number of examples of this sort indicates that 
the actual drag variation is of slight importance as far 
as tho desired rosults aro concerned, that is, tho evalua- 
tion of tho maximum velocity and the alfritudo loss in tho 
recovery. In fact, results identical with those listed in 
table I could have been obtained by the use. of a properly 
chosen' constant average drag coefficient C D . Although the 

results obtained by the use of- such a drag coefficient , 
would agree, as regards altitude loss and maximum velocity 
gained, with those obtained for variable 0 D , there would 

be no point-to-point agreomont in the computed flight paths 
or velocities. 
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In accordance with, the foregoing reasoning, equations 
(3) and (4) could "be written as follows: 

g cos Y - n(t) g = ~ (6) 

XL 

g sin Y - K I T a = 23. £ 7 ) 
2 - dt 

where K = ^ . 

In equations (6) and (7) the term K is the only 
tern in which any definite characteristic of tho airplane 
itself exists and, for this -reason, the assumption that 
various airplanes could ho grouped according to certain K 

\ T V/ S J values, which would apply for tho airplane dur- 
ing a given pull— out , was indicated. It must ho appreci- 
ated that a given airplane may have "a definite fango of K 
valuos, depending on tho actual "airplane flight cbncCltion, 
tho initial air speed, the typo of load-factor var ia£ ITon , 
and tho maximum load factor ohtained during the' rocbyory. 
In other words, the K value for a given case i_s a func- 
tion of tho airplane polar and of tho portion of the polar 
that is travorsod during tho pull-out . 

Because tho parameter . E to ho used for any given 
case is_depondent upon the value of the moan" drag coeffi- 
cient Cjj that will apply during tho recovery, the average 
drag coefficient could he defined "by the following equation 

c D = o Di +.s\rc Da - b% ± ) (8) 

where 

C-q^ drag coefficient existing at time pull-out is started 

Cj) drag coefficient corresponding to. lift coefficient 
necessary to give required load factor at initial 
indicated velocity 

J approximate weighing factor that includes the effect 
of velocity gained and time spent in attaining 
level flight 



V 
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The following estimated 
r seem to apply well to the 
considered: 



values of the weighing factor 
types of- load-factor variation 



Type of pull 



out 



P 



1 



0.90 



2 



' .60 



3 



.75 



It is appreciated that no single value of F will satisfy 
all airplane pull-out conditions for any given type of load- 
factor variation. The foregoing values havo boon solocted 
as the ones that give' the closest agreement in all cases 
for each type of variation. ~\ 

In order to derive a series of general charts by which „ 
the altitude lost and the velocity gained can "be determined, 
a number of step-by-step computations were made using equa- 
tions (5), (6), and (7^. In these computations a mean 
value of. air density p of 0.0020 slug per cubic foot cor- 
responding to an altitude of 5800 f-ee-t was used together 
with thr-ee arbitrarily selected values of K (0.015, 0,030, 
and 0.060) taken to represent, respectively: an extremely 
clean heavily loaded airplane making a recovery from high 
velocity at a fairly low load factor, a clean normally 
loaded airplane making a recovory from a fairly high veloc- 
ity at a medium load factor, and a clean normally loaded 
airplane making a recovory from a low velocity at a fairly 
high load factor. It was felt that this range of K values 
would be suificient to cover most present-day transport" air- 
planes, provided that the stall angle of the polar was not 
approached during the recoveries (0 < Cj, < l.l). It is 
obvious that, if the large values of Cp associated with 
0 T were used, values of K larger than those given 

would be obtained. Later examples, however, will show 
that even for this case the choice of the largest K will 
give good results. 

For the computations, increments of time wero so chosen t 
that the corresponding increment in flight-path angle AY 
always fell within a range of 3° to 8°. Thus, on the aver- 
age , about 18 points were used to establish tho velocity ' 
variation from tho assumed initial flight-path angle until 
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the horizontal was reached. These computations yielded, 
for each case considered, two values of practical interest 
namely, the maximum velocity gained and- the maximum alti- 
tude lost in the dive recovery. These values were then 
plotted in the form of general charts. 

CHARTS 



Figure 3 shows, for the smallest value of the parame- 
ter (K = 0.015), the variation of the velocity gained 
and the altitude lost with the initial indicated velocity 
for load factors of 2, 3, 4, 6, and 8 and initial flight- 
path angles Vq of 90°, 75 6 , 60°, and 45°. Similar re- 
sults are given in figures 4 and 5 for the medium (6. 03 0 ) 
and tho largest (0.060) values of K, respectively. In 
figures 3 to 5 tho load factor is assumed to ho constant 
with time (type 1, fig. 1). . 

■ ► 

Similarly; tho results for tho' second typo of load- 
factor variation considored (type 2,- fig. 1 ) are ■ given _in 
figures 6, 7, and 8.- Figure 9 gives results for the t hir d 
type of load-factor variation (typo 3, fig. l), only one 
initial dive anglo of 90° being considorod. 



• DISCUSSI OH 



The "chart s '( figs 3 to 8) indicate,' in' general, that 
less velocity is gained in the recovery as the 'load fac- 
tor is increased' 'and that,' for a' given case, a certain j.n- 
■itial value 'of air speed exists where' the. velocity gaihea 
is a. maximum. There are, .owing to the assumptions made, 
two initial velocities from whi.ch no speed increase would 
be experienced during the pull-out, namely, zero velocity 
and terminal. Velocity . - The first" limit Is purely analyt- 
ical because it implies that : infinitely largo values of 
0 L are obtainable and", for" thi s reason , the curves on the 
charts (figs, 3 to 9) are not continued to zorO but are 
arbitrarily cut-off at 100 miles -per hour. The second lis 
i.t', although a more practical- one, has bb-en determined for 
each case on tho assumption that 1 the drag- coefficient is 
not a function of velocity. The terminal velocities are 
therefore indicated by the intersection " n J = 0 of the 
curve and the zero abscissa line and are the so-called 
nominal values. 
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Although not - "explicitly given by the charts, the com- 
puted results show that, for a given case, the maxinun ve- 
locity occurs earlier in the pull-out as the initial veloc- 
ity is increased. This result follows fron the fact that, 
where the initial velocity is near the terminal volocity, 
tho maximum volocity occurs vory noar the start of the re- 
covery aftor which the volocity will decrease. Thus, tho 
volocity incromont and tho altitude loss givon by tho 
charts do not correspond in tino hut roprcsont maximum 
values roachod sometime during tho pull-out. 

A comparison of the charts for tho throe typos of load 
factor variation shows that loss volocity is gained and los 
altitude is lost when noro -of the area under tho uppor hori 
zontal lino of figuro 1 is included, that is, whon tho nax- 
inun acceleration is attained as . soon as possible and then 
maintained. For minimum values of velocity gained and al- 
titude lost, it is particularly desirable to add aroa un- 
der tho n(t) curve noar tho .beginning, of tho mnnouvor 
whero a relatively lower volocity in combination with a 
given acceleration will result in a groator flight-path 
curvature* In practice, however, tho inertia of tho air- 
plane operates to provon.t. tho inclusion of all this aroa 
with the result that, oven with an. instantaneous control 
operation, tho tino roquirod'to roach a maximum accelera- 
tion is of tho order of 1.5 or 2 soconds. 

It can be seen from the charts that, in general, the 
altitude loss sustained in recoveries increases with the 
initial speed, with the steepness of the dive, and also 
with adecrease in,the load factor. r / " " 

In order to obtain an idea of the effect of using a 
constant instead of the actual variation of drag coeffi- 
cient in the solution for speed gainedand altitude lost, 
tho results listed in table I aro comp'arod with similar re- 
sults obtained from thq charts. Thoso comparisons are 
shown in table II. . 

In the column of K values in tablo II, two values 
are give_n for pull-outs 1 and 4; the lowor value was ob- 
tained from an extrapolated value of tho lift-drag polar 
inserted in equation (8). and tho uppor value is that of 
the highest K value givon in the charts. Tho tabulated 
values of velocity i.ncronent, altitude loss, and maximum 
velocity were obtained with this highest nvailablo valuo 
(0.060) of K. Even in those cases the discrepancy botwoen 
this approximation and the more accurate solution is only 
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8.4 nilos por hour and 37 feet altitude for pull-out 1 and 
5.8 niles per hour and 46 feet altitude for pull-out 4. 
These valuos represent, in general, an error of about" 4 
peircent in the naxinun volocity and the altitude lost. 
This result enphasizes the fact that the average drag co- 
efficient need he known to only a fairly low degroo of 
accuracy, particularly in this range, in order to obtain 
satisfactory results fron the charts. 

Each of the pull-outs illustrated in tables I and II 
was so choson as to represent fairly extrono conditions In 
order to indicate the naxinun errors involved fron the use 
of a constant average drag coefficient throughout tho re- 
covery. Those conditions of nasi nun error in order of "In- 
portance are: (l) whore the greatest change in drag coef- 
ficient occurs, that is, a high-load-factor pull-out fron 
a low speed; (2) whore the nost volocity is gained and 
tho nost altitude lost, that is, a low-load-factor pull- 
out fron a low speed; (3) whore tho longest tino is in- 
volved in acconpli shing tho naneuvcr, that is, a low-load- 
factor pull-out fron a high speed; and (4) whore tho high 
load factor is taken in conjunction with tho high initial 
volocity, 

A load factor of 6 was taken for sovoral of tho pull- 
outs in ordor to oxaggcro.to tho conditions that night "bo 
oxpoctod if tho airplane of figure 2 is used, although it 
was approciatod that this value was far aboVo the design 
load factor of present-day transport aircraft. Even with 
this high load factor, the accuracy obtainable fron the 
charts is considered q;ulte satisfactory.. For this reason, 
there is an indication that the charts night be used for 
categories of aircraft that would include sone of the nore 
naneuverable airplanes of the present day who Be nlssion 
night call for diving naneuvers. 

In general, it nay be noticed that: (a) nore altitude 
is lost and nore speed is gained as tho type of load-factor 
variation proceeds In the order 1, 3, and 2; and (b) tho 
initial attitude. has a considerable effect on both tho ve- 
locity gained and the altitude lost. Inasnuch as the at- 
titude can be only roughly ostinatod by tho pilot, its ef- 
fect nay beconc alnost as inportant as tho variation In 
load factor in correlating the results obtained fron the 
charts with tho values obtained fron flight tests. 

Langley Honorial Aeronautical Laboratory,. 

National Advisory Gonnittoe for Aeronautics 
Langloy Field, Va., Soptenbor 16, 1941. 



TABLE I 

VAEIOTJS DIY3 BECOVEBIES FOB. THE AIBPLAUB EEPEESEiTTBD BY EIGUBE 2 
(These results were obtained "by use of a variable drag coefficient) 



Pull- 
out 


Type of 

load- 
factor 
variation 


Initial 
indicated 
velocity 

(mph) 


Initial 
flight-path 
angle 
(deg) 


Maximum 
load, 
factor 

(«) 


Initial 
altitude 

(ft) 


Velocity 
increment 

(mph) 


Altitude 
loss 

(ft) 


Maximum 
indicated 

V CXULf J- UJ 

(mph) 


1 


3 


200 


90 


6 


6,500 


31.1 


963 


23L1 


2' 


3 


260 


90 


6 


6,800 


3S.9 




29s. 9 


3 


3 


390 


90 


6 


8,000 




2,92s 


1+3^-S 


\ 


2 


200 


90 


6 


6,500 


35-2 


1,051* 


235.2 


5 


2 


390 


90 


3 


19,000 


165.3 


19,2^2 


555.3 


6 


1 


200 


90 


3 


7,000 


69.9 


1,755 


269.9 


7 


3 


200 


90 


3 


7,200 


85-5 


2,171* 


205.5 


8 


3 


390 


90 


3 


10,000 


93.6 


6,862 


1+88.6 



S1ABL3 II 

COHPAHISOK OF EESULTS FROM CHAEIS WITH THOSE OBTAINED EJ TABLE I 



Pull- 
out 


Type of 
load- 
factor 
varia- 
tion 


Initial 
indicated 
velocity 

(nrph) 


Initial 
flight- 
path 
angla 
(dog) 


Maxi- 
mum 
load 
factor 

(«) 


Initial 
alti- 
tude 

(ft) 


Param- 
otor, 
K 


Telocity in- 
crement (nph) 


Altitude 
loss (ft) 


Maximum indicated 
Telocity (mph) 




Prom 
charts 


From 
taolo I 


Prom 
charts 


Pron 
tahlo I 


Prom 
charts 


Pron 
table I 


1 


3 


200 


90 


6 


6,500 


jb, 060 


39.5 


31.1 


1,000 


963 


239.5 


231.I 


2 


3 


260 


90 


6 


6,800 


.060 


3^5 


3S-9 


1,500 




29^.6 


298.9 


3 


3 


390 


90 


6 


8,000 


.0295 


H5.3 




3,080 


2,928 


^35.3 


U3U.8 


U 


2 


200 


90 


6 


6,500 


r .060 
1.23U 


Hi 


35.2 


1,100 


1,051+ 


2^1.0 


235.2 


5 


2 


390 


90 


3 


19,000 


.0228 


16H.5 


165.3 


18,810 


19,2U2 


55^5 


555.3 


6 


1 


200 


9Q 


3 


7,000 


.0553 


73 


69.9 


1,921 


1.755 


273.O 


269.9 


7 


3 


200 


90 


3 


7,200 


.0^96 


76. s 


85.5 


2,130 


2,171+ 


276. 8 


285.5 


8 


3 


390 


90 


3 


10,000 


■ .0231 


97-3 


98.6 


6.953 


6,862 


IHJ7.3 


U88.6 
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figure 1.- Type* of load -factor variation oon*idered in pull-out. 
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Figure 5a,b,c,d,- Velocity gained and altitude lost in dive pull-outs for various initial: flight-path 
angles. Type 1 load -factor variation. K = 0.015. 1 i 
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Figure Concluded. 
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Figure 4a,b,c,d.- Telocity gained, and altitude lost in dive pull-outs for various initial flight- V 
path angles. Type 1 load-factor variation. K = 0.030. 
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Figure Ba^c^d.- Velocity gained and altitude lost in dive ; pull-out& for various initial flight- 
path angles. Type 1 load-factor, variatiojn. K = 0.-060. 
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Figure 5.- Concluded. 
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Figure 6a,b,c,d.- Velocity gained and altitude lost in dive pull-out.B for various initial flight- 
path angles." Type 2 load-factor variation. K = 0.015. 
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Figure 6.- Concluded. 
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Figure 7a,b,c,dv- Velocity gained and altitude lost in dive pull-outs for various initial flight- 
path angles. Type 2 load-factor variation. K = 0.030. 
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Figure 7.- Conaluded. 
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Figure 8a.,b,c,d.- Velocity gained and altitude lost in' dive pull-outs for various initial flight- 
path angles. Type 2 load-.factor variation. K = 0.060. 
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Figure 8.- Concluded. 
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..Figure 9Bi,b,c.- Velocity, gained and altitude lost in dive pull-outs for an initial 90° flight- 
path angle. Type 3 load-factor variation. 



